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Анотація. Доведено чотири теореми, які стосуються розкладу бінарної функції у ряд Уолша та ряди 
інших ортонормальних базисів. Показано, що довільна бінарна функція може бути представлена 
кінцевою кількістю членів таких рядів. 
Abstract. There have been proved the four theorems, which concern the binary function expansion in the 
Walsh series and series of other orthonormal bases. Shown, that any binary function may be represented 
with the finite number of terms of such series. 
Аннотация. Доказано четыре теоремы, которые касаются разложения бинарной функции в ряд 
Уолша и ряды других ортонормальных базисов. Показано, что произвольная бинарная функция 
может быть представлена конечным количеством членов таких рядов. 
PRE-SUMMARY 
The digital technique development caused the processes, where often the case is in quantized functions, 
which, in detail, usually are time-quantized equidistantly (uniformly). Such a function, if existing on the duration 
T  or having the period T , may be written as 
 ( ) mf t v=  [ ) [ )1; ;m m m mt t t t t +∀ ∈ + δ = , 1,m M= , (1) 
where each mv  is the value of the function ( )f t  on each semisegment [ );m mt t + δ  of the duration 
T
M
δ = . 
There is a convention, that ( )f t  is a right-continuous [1] function: 






f t h f t f t
→
>
+ = + = . (2) 




 +  
 is represented on the Walsh system as the series [2, 3] 






f t c m t
=
= −∑ , [ )1 1;t t t T∈ + , (3) 
where 
                                                 
 V. V. ROMANUKE, 2009 
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c f t m t dt
+
= −∫ , 1,m M= ,  (4) 
 ( ) ( ) 1
1





m t r t −
⊕
=
− =   ∏ , 0, 1l M= − , (5) 
and the function 
 ( ) ( )sign sin 2kkr t t = π   (6) 
is the Rademacher function [3, 4] of the order k , and 
 ( ) ( )1 2 1 0 1 2 1 02 20n n n n nl l l l l l l l l l− − − −= ≡  , (7) 
is the binary notation of number 1l m= − , lα  — is the α -th bit of the binary number (7), 0, nα = , 0nl ≡ . 
MAIN 
First of all, for comfortableness, will consider the displaced to 1t  and normed to T  the semisegment 
[ )1 1;t t T+ , that is the function (1) is 
 ( ) mf vθ =  [ )1 1 1 1; 0; 1
t t t T t
T T
− + − ∀ θ∈ = 
, 1,m M= . (8) 
May ( )mb θ  be a binary function, 1, 2nm = , so that 




m m− ∀ θ∈ ⊂ 
, (9) 




m m− ∀ θ∉ ⊂ 
. (10)  
Then there is a theorem. 
Theorem 1. Any binary function ( )mb θ  on the semisegment [ )0; 1  is the sum 
 ( ) ( )
2
2 2 1




M mp p b
M M M
=
− − + − θ − ≡ θ 
 ∑ .  (11) 
Proof. Now will find the coefficients 
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 ( ) ( )
1
0
wal 1,p mc b p d= θ − θ θ∫ , 1,p = ∞ , (12) 
 
of the series 







θ = − θ∑ , [ )0; 1θ∈ , (13) 
for the function ( )mb θ . The first coefficient is 




1 1 1 1 1 2
wal 0,m m
M M Mc b d b d
M M M
+ − ⋅ − + − −
= θ θ θ = θ θ = = =∫ ∫ . (14) 
The next coefficients for 2,p M=  are found in the following way: 
 ( ) ( ) ( )
1
10






c b p d p d
−
= θ − θ θ = − θ θ −∫ ∫  









p d p d
− 
 
− − θ θ + − θ θ 
  
 
∫ ∫ . (15) 
As the first integral in (15) is taken over the 
1
M
 section of the semisegment [ )0; 1  and 
( )wal 1, 1p − θ ≡ ±  [ )1; 0; 1
2 2n n


















wal 1, 0p d− θ θ ≡∫  , (17) 
so two integrals within the brackets in (15) 
 
 
 МЕТОДИ ТА СИСТЕМИ ОПТИКО-ЕЛЕКТРОННОЇ І ЦИФРОВОЇ ОБРОБКИ ЗОБРАЖЕНЬ ТА СИГНАЛІВ 
 38 









p d p d
− 
 
− θ θ + − θ θ = 
  
 
∫ ∫  
 









p d p d
M
−
= − θ θ − − θ θ =∫ ∫ 
. (18) 
Consequently, subtracting (18) from (16), have 
 
1 1 2
pc M M M
 = ± − = ± 
 
 , 2,p M= . (19) 
The sign in (19) depends on m , and, naturally, that if 1wal 1, 1mp
M
− − ≡ 
 


















− = − 
 
, 2,p M= . (20) 
For p M>  will have 
 ( ) ( ) ( ) ( )
1
1 10






c b p d b p d
= −
= θ − θ θ = θ − θ θ =∑∫ ∫  
 ( ) ( ) ( ) ( )
1 11 1





p d p d
= =− −
= ± ⋅ − θ θ = ± ⋅ − θ θ =∑ ∑∫ ∫  
 ( ) ( )
( ) ( )
( )






























∑ ∑ ∫  






1 1 1 1
1 1 1 1 0 0
p M p MM M
r q q r
− − − −
= = = =
 
 = ± ⋅ ± + = ± ⋅ =
 
 
∑ ∑ ∑ ∑ . (21) 
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So, the series (13) for the function ( )mb θ  is 
 ( ) ( ) ( ) ( )1
1 2




b c p c c p
∞
= =










− = + − − θ = 










− − = + − θ − 
 ∑ . (22) 
 
The theorem has been proved. 
Furthermore, there is a theorem on this ground, concerning the interconnection of the function (8) and 







Theorem 2. A function ( )f θ , that is equidistantly quantized on the semisegment [ )0; 1 , having only 
one value of 2nM = , , possible values on every semisegment [ )1; 0; 1
2 2n n
m m−  ⊂ 
, 1, 2nm = , 







− θ : 








θ = − θ∑ , [ )0; 1θ∈ .  (23) 

























θ = ∑ .  (24) 
Further, find the coefficients of the series 







θ = − θ∑ , (25)  
where [ )0; 1θ∈ : 











c f p d v p d
=
 θ +
= θ − θ θ = − θ θ =  
 
∑∫ ∫  
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v b p d v p d
= =
= θ − θ θ + − θ θ∑ ∑∫ ∫ .  (26) 




1 2 1 1 1 1
wal 1, 0 wal 1,
2 2
M M M
p m m m
m m m
m mc v p v v p
M M M M
= = =
− −   = − + ⋅ = −   













= + =∑ ∑ ∑ . (28) 











= ⋅ + ⋅ =∑ ∑ . (29) 
Therefore 
 ( ) ( ) ( )1
2 1
1 1




mf c v p p
M M
= =
 − θ = θ + − − θ =     








mv v p p
M M M
= = =
 − = + − − θ     
∑ ∑ ∑ ,  (30) 
that is the function ( )f θ  on [ )0; 1  is represented as the sum of the first ordered M  weighted Walsh 
functions alike the series (23). The theorem has been proved. 
A corollary from the theorem 2 is that any binary function, that is when 1mv = ±  1,m M∀ = , 
2nM = , may be represented with the first ordered M  weighted Walsh functions. Consequently, considering 





− θ , developed in the works [5 — 8] 
(figure 1 and figure 2), any binary M -bit function from these bases may be represented with the first ordered 
M  weighted Walsh functions. In completeness to the theorem 1 sense, for 2n >  there is a theorem. 
Theorem 3. Any binary function ( )mb θ  on the semisegment [ )0; 1  is the sum 
 ( ) ( )
2
2 2 1




M mp p b
M M M
=
− − + − θ − ≡ θ 
 ∑ , 1, 8u∀ = . (31) 
Proof. Will find the coefficients 
 
 







































































































































































































































































































































































































































































































































Fig. 1. The first 32 ordered functions 
( ){ }{ }432 1 1rom 1,u m um = =− θ  of the first four bases 
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 ( ) ( )
1
0
rom 1,p m uc b p d= θ − θ θ∫ , 1,p = ∞ , (32) 
of the series 
 ( ) ( )
1





θ = − θ∑ , [ )0; 1θ∈ , (33) 
for the function ( )mb θ . The first one is 




1 1 1 1 1 2
rom 0,m u m
M M Mc b d b d
M M M
+ − ⋅ − + − −
= θ θ θ = θ θ = = =∫ ∫ . (34) 
The next coefficients for 2,p M=  are: 
 ( ) ( ) ( )
1
10
rom 1, rom 1,
m
M
p m u u
m
M
c b p d p d
−
= θ − θ θ = − θ θ −∫ ∫  










p d p d
− 
 
− − θ θ + − θ θ 
  
 
∫ ∫ . (35) 
As the first integral in (35) is taken over the 
1
M
 section of the semisegment [ )0; 1  and 























rom 1, 0u p d− θ θ ≡∫  , (37) 
so two integrals within the brackets in (35) 
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p d p d
− 
 
− θ θ + − θ θ = 
  
 
∫ ∫  










p d p d
M
−
= − θ θ − − θ θ =∫ ∫  . (38) 
Subtracting (38) from (36), have 
 
1 1 2
pc M M M
 = ± − = ± 
 
 , 2,p M= .  (39) 
The sign in (39) depends on m , and, naturally, that if 1rom 1, 1u
mp
M
− − ≡ 
 



















− = − 
 
, 2,p M= . (40) 
For p M>  will have 
 ( ) ( ) ( ) ( )
1
1 10
rom 1, rom 1,
r
MM
p m u m u
r r
M
c b p d b p d
= −
= θ − θ θ = θ − θ θ =∑∫ ∫  
 ( ) ( ) ( ) ( )
1 11 1






p d p d
= =− −
= ± ⋅ − θ θ = ± ⋅ − θ θ =∑ ∑∫ ∫  
 ( ) ( )
( ) ( )
( )































∑ ∑ ∫  






1 1 1 1
1 1 1 1 0 0
p M p MM M
r q q r
− − − −
= = = =
 
 = ± ⋅ ± + = ± ⋅ =
 
 
∑ ∑ ∑ ∑ .  (41) 
So, the series (33) for the function ( )mb θ  is 
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 ( ) ( ) ( ) ( )1
1 2
rom 1, rom 0, rom 1,
M
m p u u p u
p p
b c p c c p
∞
= =











− = + − − θ = 











− − = + − θ − 
 ∑ . (42) 
The theorem has been proved. 



















− θ , there is the following theorem. 
Theorem 4. A function ( )f θ , that is equidistantly quantized on the semisegment [ )0; 1 , having only 
one value of 2nM = , , possible values on every semisegment [ )1; 0; 1
2 2n n
m m−  ⊂ 
, 
1, 2nm = , may be represented with the M  first ordered functions of each of the eight orthonormal bases 





− θ : 








θ = − θ∑ , [ )0; 1θ∈ , 1, 8u∀ = . (43) 
Proof. Again may we turn to (24) and find the coefficients of the series 







θ = − θ∑ , (44) 
where [ )0; 1θ∈ : 








p u m u
m
b
c f p d v p d
=
 θ +
= θ − θ θ = − θ θ =  
 
∑∫ ∫  




rom 1, rom 1,
2 2
M M
m m u m u
m m
v b p d v p d
= =
= θ − θ θ + − θ θ∑ ∑∫ ∫ . (45) 
According to the theorem 3, (35), (40), and to (37), for 1p >  
 
1 1 1
1 2 1 1 1 1
rom 1, 0 rom 1,
2 2
M M M
p m u m m u
m m m
m mc v p v v p
M M M M
= = =
− −   = − + ⋅ = −   
   ∑ ∑ ∑ ;  (46) 
 
 














= + =∑ ∑ ∑ . (47) 











= ⋅ + ⋅ =∑ ∑ . (48) 
Therefore 
 ( ) ( ) ( )1
2 1
1 1
rom 0, rom 1, rom 1,
M M
u m u u
p m
mf c v p p
M M
= =
 − θ = θ + − − θ =     




rom 1, rom 1,
M M M
m m u u
m p m
mv v p p
M M M
= = =
 − = + − − θ     
∑ ∑ ∑ , (49) 
that is the function ( )f θ  on [ )0; 1  is represented as the sum of the first ordered M  weighted functions of 





− θ  alike the series (43). The theorem has been 
proved. 








− θ  is expanded into the series on each of the eight orthonormal systems 





− θ : 
 ( ) ( )
1






− θ = − θ =∑  
 ( ) ( ) ( )
1
1 0




p m p d
=
= − θ − θ − θ θ =∑ ∫  
 ( ) ( ) ( )
1
0
rom 0, wal 1, rom 0,u um d= θ − θ θ θ +∫  
 ( ) ( ) ( )
1
2 0




p m p d
=
+ − θ − θ − θ θ =∑ ∫  
 ( ) ( ) ( ) ( )
1
2 0




m p m p d
=
= + − + − θ − θ − θ θ∑ ∫ , 1, 2nm = . (50) 
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− θ  is expanded into the 







− θ : 
 ( ) ( )
1






− θ = − θ =∑  
 ( ) ( ) ( )
1
1 0




p m p d
=
= − θ − θ − θ θ =∑ ∫  
 ( ) ( ) ( )
1
0
wal 0, rom 1, wal 0,u m d= θ − θ θ θ +∫  
 ( ) ( ) ( )
1
2 0




p m p d
=
+ − θ − θ − θ θ =∑ ∫  
 ( ) ( ) ( ) ( )
1
2 0




m p m p d
=
= + − + − θ − θ − θ θ∑ ∫ , 1, 2nm = . (51) 
CONCLUSION 
Any M -bit binary function ( )f θ  may be represented as the sum of the finite number of the weighted 
elementary binary functions (9), (10), but any ( )f θ  for 2nM = , where , is the sum of M  terms in 
the Walsh series, what means that ( )f θ  is the sum of the first ordered M  weighted Walsh functions. This 
assertion is generalized to the equidistantly time-quantized functions (8), and concerns not only the Walsh basis, 





− θ , which are determined by irregular structure 
sequences, described in the works [5, 7]. 
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